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Abstract. Wc consider the supercritical problem 

-Au = \u\'''-^ u in D, u = on dT>, 
where D is a bounded smooth domain in and p + 1 is smaller than the k— th critical Sobolev exponent 
2^ ^ := ^j^^_^2 with 1 < K < N — 3. We show that in some suitable torus-like domains T> there exists 
an arbitrary large number of sign-changing solutions with alternate positive and negative layers which 
concentrate at different rates along a K-dimensional submanifold of dT) as p approaches ^ from below. 



1. Introduction 

This paper deals with the classical Lane-Emdcn-Fowler problem 

Av + \v\P-'^v = in 2?, v = on dV (1.1) 

where P is a bounded smooth domain in M^, > 3 and p > 1. In particular, we are interested in exploring 
the role of the lower-dimensional Sobolev exponents 2^ ^ on the existence and multiplicity of solutions to 
problem (|l.ip . For any integer k between and — 2 let us set 

2(N — k] 

2^,. := ^_^_2 ifO<«:<iV-3 and 2^,^_2 +oo. (1.2) 

If < K < iV — 3, then 2^ ^ is nothing but the k— th critical Sobolev exponent in dimension N — k. 

It is well known that in the subcritical regime, i.e. p < 2^ q — 1, the compactness of the Sobolev embedding 
ensures the existence of at least one positive solution and infinitely many sign-changing solutions to (jl.ip . 

In the critical case (i.e. p = 2^ q — 1) or in the supercritical case (i.e. p > 2^ q — 1) existence of solutions 
to problem (|1.1[) turns out to be a delicate issue. Indeed, if the domain V is star shaped Pohozaev's identity 
[?] implies that problem (|l.ip has only the trivial solution. 

In the critical case, if V has nontrivial reduced homology with Z2— coefficients, Bahri-Coron [?] proved 
that problem (|l.ip has a positive solution in the critical case. Moreover, it was proved by Ge-Musso-Pistoia 
[?] and Musso-Pistoia [?] that if D has a small hole, problem (|1.1[) has many sign changing solutions, whose 
number increases as the diameter of the hole decreases. 

In the supercritical regime the existence of a nontrivial homology class in V docs not guarantee the 
existence of a nontrivial solution to p.ip . Passaseo in [?, ?] exhibited a domain in homotopically 
equivalent to the k— dimensional sphere in which problem (jl.ip with p > 2^ « ^ 1 has only the trivial 
solution. Recently Clapp-Faya-Pistoia [?] built domains in with a richer topology, namely the cup- 
length is K 4- 1, in which problem (|1.1|) with p > 2^ ^ — 1 has only the trivial solution. When p = 2^ ^ — 1 
the existence of infinitely many positive solutions to p. II) was proved by Wci-Yan [?] for suitable torus-like 
domains V. 

It is interesting to study problem (jl.ip in the almost critical case, i.e. p = 2^ ^ — 1 ± e, where e is a small 
positive parameter. 
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The peculiarity of the almost critical case when k = is that problem p.ip has solutions which blow-up 
at one or more simple or multiple points in 2? as e goes to zero. Indeed, if p — 2^ q — 1 — e, positive and 
sign-changing solutions to (jl.ip with different simple blow-up points were built by Bahri-Li-Rey [?] and 
Bartsch-Micheletti-Pistoia [?], respectively. Moreover, Pistoia-Weth [?] and Musso-Pistoia [?] proved that 
the number of sign-changing solutions to with a multiple blow-up point increases as e goes to zero. On 
the other hand, ii p — 2*^ q — 1 + e, Ben Ayed-El Mehdi-Grossi-Rey [?] proved that problem (|l.ip does not 
have any positive solutions with one positive blow-up point, while Del Pino-Felmer-Musso [?] and Pistoia- 
Rey [?] found solutions with two or more positive blow-up points provided the domain D has a hole. Up to 
our knowledge there are no results about existence of sign-changing solutions in this case. In particular, we 
quote Ben Ayed-Bouh [?] who proved that problem (jl.ip does not have any sign-changing solutions with 
one positive and one or two negative blow-up points. 

Having in mind what happens in the almost critical case when k = 0, we wonder if the same phenomenon 
occurs for any 1 < k < iV — 2. More precisely, we ask if for some suitable domains 2? the problem p.ip has 
solutions which blow-up at one or more simple or multiple k— dimensional manifolds in 2? as p approaches 
the K— th Sobolev exponent 2^ ^ from below. A first result in this direction was obtained by Del Pino-Musso- 
Pacard [?] . If k = 1 and p = 2|^ j^ — 1 — e, they proved that for some domains I? if e is different from an explicit 
set of values, problem p.ip has a positive solution which concentrates along a 1— dimensional submanifold 
of the boundary of V when e goes to zero. Recently, it has been showed that if k > 2 and p approaches 
from below 2^ ^ — 1 it is possible to build torus-like domains 2? in which problem (|l.ip has positive solutions 
which concentrate at a k— dimensional submanifold of dV. The construction was performed in the case 
1 <K<A^ — 3, p = 2^^ — 1 — e and e goes to zero and in the case k = N — 2 and p goes to +oo by 
Ackcrmann-Clapp-Pistoia [?] and Kim-Pistoia [?], respectively. 

As far as it concerns existence of sign-changing solutions, when 1<k<N — 3^p~ 2^ ^ — 1 — e and e is 
small enough or when k ~ N ~ 2 and p is large enough, Ackermann-Clapp-Pistoia [?] and Kim-Pistoia [?]. 
respectively, constructed a sign-changing solution with a positive and a negative layer which concentrate with 
the same rate along the same k— dimensional submanifold of the boundary of suitable torus-like domains 
2?, as e goes to zero. In particular, Kim-Pistoia [?] proved that when k = N ~ 2 the number of sign 
changing solutions to (jl.ip increases as p goes to -l-oo, provided 2? satisfies some symmetric assumptions. 
Their solutions have an arbitrary number of alternate positive and negative layers which concentrate with 
the same rate along the same {N — 2)— dimensional submanifold of dV as p goes to -l-oo. 

In this paper, we build domains 2? such that the number of sign-changing solutions of problem (jl.ip when 
1 < K < TV — 3 and p = 2^ ^ — 1 — e increases as e goes to zero. In particular, for each set of positive integers 
Ki, . . . , Km with K := Ki + • • • + K„i < — 3 we exhibit torus-like domains 2? for which the number of sign- 
changing solutions to problem (jl.ip with p = 2^^— 1 — e increases as e goes to zero. These solutions have an 
arbitrary large number of alternate positive and negative layer which concentrate with different rates along 
a K-dimensional submanifold Fq of dV which is diffeomorphic to the product of spheres S^^ x • • • x S"™ . 
This follows from our main results, which we next state. 

Fix Ki, . . . , K„i G N with K := Ki + ■ ■ ■ + k„i < N — 3 and a bounded smooth domain il in M^^*^ such that 

Tlc{{xi,...,x,n,x') e M™ X M^-«-™ : > 0, i = l,...,m}. (1.3) 

Set 

2? {(y\...,y",z) G M'^^+i x ••• x R^"^+'^ x R^-^-"' | , . . . , |y"| , z) e n}. (1.4) 

2? is a bounded smooth domain in M.^ which is invariant under the action of the group Q :— 0(ki + 1) x 
• • • X 0{Kjn + 1) on given by 

(5i,...,5„0(2/\...,2/'",z) := (5iy\ . . . ,g,„y'",z). 

for every g, G 0{k., + 1), y' G ]R«'+i, z G R^"'"-'". Here, as usual, 0{d) denotes the group of linear isometries 
of R'*. For p = 2^^ — 1 — ewe shall look for 0-invariant solutions to problem (jl.ip . i.e. solutions v of the 
form 

«(yi,...,y™,z)=u(|y^|,...,|2/™|,z). (1.5) 
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A simple calculation shows that v solves problem p. II) if and only if u solves 

™ a 

-Au-^— ^ = inn, w = on dn. 

This problem can be rewritten as 

— div(a(a:)Vit) = a{x)\u\^~^u in O, u = on dVl, 

where a(a;i, . . . , x^^^) :~ x'l^ ■ ■ ■ x'J^™ . Note that 2^ ^ is the critical exponent in dimension n := N — k which 
is the dimension of fl. 

Thus, we are lead to study the more general almost critical problem 

4 

— div(a(x)VM) = a(a;)|u| "^"'^u mil, u = on dfl (1-6) 

where is a smooth bounded domain in E", n > 3, e > is a small parameter and a G C^(ri) is strictly 
positive in f2. 

This is a subcritical problem, so standard variational methods yield one positive and infinitely many sign 
changing solutions to problem ()1.6p for every e <E (0, -p;^)- Our goal is to construct solutions with an 
arbitrary large number of alternate positive and negative bubbles which accumulate with different rates at 
the same point of dil as e — ?> 0. They correspond, via (|1.5p . to 0-invariant solutions of problem (jl.ip 
with positive and negative layers which accumulate with different rates along the K-dimensional submanifold 

To {{y\ . . . , y", z) e X ... X x R^— ™ : , . . . , , z) ^ 

of the boundary of I? as e 0. Note that Mq is diffeomorphic to S^^ x . . . x S*^™ where S'' is the unit sphere 
in R'^+i. 

We will assume the following conditions, 
(al) There are constants ai and 02 such that 

< ai < a{x) < 02 < +00 for all x € Q. 

(a2) The restriction of a to dft has a critical point ^0 G dil and 

d,a{^o) (Va(eo),i'(eo)) > 

where v := i^(^o) is the inward unit normal vector to dil at ^o- 
(a3) The domain il and the function a arc symmetric with respect to the direction given by 1^(^0)1 i-G-j 

{x,v)iy + {x,ti)ti H h ix,Ti)n H (x, r„_i)r„_i G 

<^ (x, + (x,Ti)ti H (x,Ti)Ti H (a;, r„_i)r„_i G f2 

and 

a {{x,v)u + {x,ti)ti H h ix,n)n H (a^, t„_i)t„_i) 

= a((a;, (x, ti)ti H {x,Ti)Ti H (x, t„_i)t„_i) 

for i = 1,... ,n — 1. Here (.,.) is the standard inner product in R" and {ti,--- ,t„_i} is an 
orthonormal basis of the tangent space T^gdil. 

For each (5 > 0, ^ G M", we consider the standard bubble 

Us,^{x) := [n{n-2)]^ —. 

{S^ + \x-^\^) — 



We will prove the following result. 
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Theorem 1.1. Suppose that (al) — (a3) hold true for a and fl. Also, assume that n> A. For any integer 
k, there exists > such that for each < e < ej; problem (jl.6p has a sign changing solution which 
satisfies 

k 

= ^(-iy+iC/5,(,),5,(,)+o(l) m Hl{9) 
1=1 

where 

_ Tt-l + 2(i-l) 

e "-2 Si{e) > 0, ^^(e) £_o e dil as e ^ 

for i = !,■■■ ,k. 

The solutions wc found resemble the towers of bubbles with alternating sign which concentrates at a point 
on the boundary of il. This kind of solutions is typical of almost critical problems (see [?, ?, ?, ?, ?]). 

The symmetry of the domain 51 as stated in (a2) allows to simplify considerably the computations. We 
believe that the result is true if we only require that is a non degenerate critical point of the restriction of 
a to the dfl. Moreover, the restriction on the dimension n > 4 is due to technical reasons as it is explained 
in Remark lA.llI We also believe that it can be removed but it seems to be necessary to overcome some 
technical difficulties. 

Now, we come back to problem (|l.ip . In the following theorem we assume that we are given ki , . . . , k„i G N 
with K := Ki + ■ ■ ■ + Km < N — 3 and a bounded smooth domain il in R^"'' which satisfies (jl.3[) . We set 
a{xi, . . .,xn-k) := ■ ■ ■ as in pTil) . p = 2^^ - e, 9 := 0(ki + 1) x • • • x 0(k™ + 1) and 

f/5,ay\...,y",^) :=f/5,5(|yi|,...,|2/™|,z) 

for 5 > 0, M^-'^. 

Theorem 1.2. Assume n ~ N ^ k > 4. Then for any integer k there exists > such that for any 
e € (0,eo), problem (jl.ip has a Q-invariant solution which satisfies 

k 

v,{x) = ^(-l)*+ic7,^,),5^,)(x) +0(1) m H^{V), 

with 

n-l + 2(i-l) 

e "-2 Si{e) di > and ^^(e) G 
for each i = 1, . . . , fc as e 0. 

The solutions we found resemble the towers of layers with alternating sign which concentrate at a 
K— dimensional submanifold of the boundary of V. This result extends the one obtained by Pistoia-Weth [?] 
and Musso-Pistoia [?] when k = to higher k's. Moreover, we stress the fact that the profile of our solutions 
is different from the one found by Ackermann-Clapp-Pistoia [?] and Kim-Pistoia [?]. Indeed, their solutions 
look like a cluster of layers (i.e. all the layers concentrate at the same speed) , while our solution look like a 
tower of layers (i.e. one layer concentrates faster than the previous one). 

It is interesting to prove that this kind of solutions also exists in the setting of [?]. Indeed, we conjecture 
that if F is a nondegenerate geodesic of the boundary of V with inner normal curvature it is possible to 
build towers of sign-changing solutions whose 1— dimensional layers concentrate at F as p approaches the 
first Sobolev critical exponent 2^ ^ from below (up to a subsequence of values). 

By the previous discussion Theorems 11.21 follows immediately from Theorems 11.11 The proof of Theorem 
1 1.61 relies on a very well known Ljapunov-Schmidt reduction. We omit many details on the finite dimensional 
reduction because they can be found, up to some minor modifications, in the literature. We only compute 
what cannot be deduced from known results. In Section [5] we write the approximate solution, we sketch the 
proof of the Ljapunov-Schmidt procedure and we prove Theorem 11.21 In Section [3] we compute the rate of 
the error term, while in Section 0] and in Section [5] we give the C°— estimate and the C^— estimate of the 
reduced energy, respectively. In Appendix A we give some important estimates which are not available in 
the literature. 
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Notations. 

- For the sake of convenience, we assume that = G K", = Ci for i = 1, ■ ■ ■ ,n — 1 and v = Cn where 
{ei, • • • , e„} denotes the standard basis in R". Thus assumption (a3) reads as f2 is symmetric with respect 
to the 2;„-axis and a{xi, ■ ■ ■ ,Xi, - ■ ■ , Xn) = a(a;i, • • • , — Xi, ■ ■ ■ , a;„) for i ~ 1, - ■ ■ , n — 1. 

- /^^'^(M") is the space of measurable and weakly differentiable functions the L^-norms of whose gradient 
are finite. 

- ©(rj) is the space of smooth functions whose supports are compactly contained in and i?o(ri) is the 

completion of 2?(r2) with respect to the norm ||?^|| = {u, u)^ = (/^^ a|Vup) ^ . By virtue of (al), this norm is 
equivalent to the usual one. 

- 'H(ri) is a subspace of i7o(r2) defined by 

Tiiil) = {m e HQ{n) : u{xi, ■ ■ ■ , Xi, • • • , Xn) = u{xi, ■ ■ ■ , —Xi, ■ ■ ■ , Xn) for each i — 1, - ■ ■ , n — 1}. 
Also, 'H(M") is a subspace of D^''^{W") defined similarly. 

- For any x G K" and r > 0, B{x, r) is the open ball in K" of radius r centered at x. 

- = 7r"/V r(7i/2 + l) and = (27r"/2)/ r(n/2) denotes the Lebesgue measure of the n-dimensional 
unit ball and (n — l)-dimcnsional unit sphere, respectively. 

- We will use big O and small o notations to describe the limit behavior of a certain quantity as e ^ 0. 

- C > is a generic constant that may vary from line to line. 



2. Preliminaries and scheme of the proof of Theorem 11.11 
2.1. An approximation for the solution. Set — [n{n — 2)]^^ and let 

Us,i{x):=an — for,5>0, ,C„-i,0)eR", (2.1) 

(,52 + |x-e|2) — 

which are positive solutions to the problem 

-Au = u^ inR", ue-H(R"). (2.2) 



Define also 



and 



^lA^)--=^ = °^n{n-2)S^—^-^^, i = l,...,n, (2.4) 

where {x — is the i-th coordinate of a; — ^ e R" . Recall that the space spanned by -0^ ^ , -0] ^ , . . . , V'^^ is 
the set of solutions to the linearized problem of ()2.2p at Us.^ 

- Aip = (^^^^-^^ ■ Ujf^ ip inR", V e /^^^^(R"). (2.5) 

In particular, the set of solutions to the linear equation (j2.5p in the space ■H(R") is generated by the only 
two functions and "05 4- 

Let PW be the projection of the function W £ D'^''^{W) onto H^{n), that is, 

APW = AW in n, PW = on dn, (2.6) 

and k a fixed integer. (See Appcndix lA.il for estimation of PUg.^ in terms of Us.^-) We look for a solution 
to problem (|1.6p of the form 

k 
i=l 

where the concentration parameters satisfy 

^ e" '"-2 ''cJ^ with di > 0, (2.7) 
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the concentration points satisfy 

= (^0 + etiy{^o)) + (5,s,i/(Co) with t > and s, € R, Sk = (2.8) 

and \\4>\\ is sufficiently smah. 

For simplicity we write d := (di, • • • ,dk)^ (0, +00)'^, t := {t, si, • • • , Sk^i) G (0, +00) x K*^^^, Ui = C/a^.j; 
and 

Vlt - ^d,t = 5](-f)^+ip;7, e 7^(1^). (2.9) 

Also, we define the admissible set A by 

A = {(d,t) : d e (0,+oo)^ t e (0, +00) x R''-^} . 

2.2. Scheme of the proof of Theorem ll.il First, we rewrite problem (jl.6p . Let i* : L^(17) -ffo(f^) 
be the adjoint operator to the embedding i : Hq{Q) ^ L"^ (fl), i.e., i*{v) = u if and only if (ti, i^) = av(f> 
for all e 2?(il), or — div(a(.T)Vw) ~ aw in f2 and w = on dil. Therefore (jl.6p is equivalent to 

u = r (|u|P-i"^t) , ueH^{n) where p:=—^. (2.10) 

For the sake of simplicity, we write ipf = ip^. ^. with Si and defined in (|2.7p and (|2.8p . We introduce 
the spaces 

-f^'d,t = span{P7/'^ : i = 1, • • • , fc, j = 0, n}. 
Kit = ^(^^) : (<^, Pi'i) = for I = 1, • • • , fc, i = 0, , (2.11) 
and the projection operators Ild^t '■ T-Liil) — >■ Kd,t and 11^^ = Idf^^Q^ — Hd^t : H(0) — > i^j" 

As usual, we will solve problem (|2.10p by finding parameters (d, t) S A and a function S -ft^d t such that 

Hd.t (Vk,t + - (iKi.t + 0r"'"'(Vk,t + 0))) = (2.12) 

and 

Hd^t (Vk,t + - (|Vk,t + 0r-'-'(Vk,t + 0))) = 0. (2.13) 

The first step is to solve equation (j2.12p . More precisely, if e is small enough for any fixed (d,t) e A, we 
will find a function <p € ^d t such that (|2.12p holds. 

First of all we define the linear operator Ld.t : -^d t 

LAx<t> - - (p - e) • n^tz* (|yd,tr-'-» . (2.14) 
Arguing as in [?, Lemma 3.1] and using Lemma lA.51 and Lemma I A. 71 we prove that it is invertible. 

Proposition 2.1. For any compact subset Aq of A, there exist eo > and c > such that for each e G (0, eq) 
and (d,t) G Aq the operator Ld,t satisfies 

\\Ld,tn>c\m for all (j) e Kl^. 

Secondly, in Section [3] we estimate the error term 

i?d,t := nit {i* {\Vd,tr'-'Vd,t) - Vk,t) . 

Lemma 2.2. It holds true that 

||i?d,t|| =0(e^-^) ^o{V~e). 
Finally, we use a standard contraction mapping argument (see [?, Section. 5]) to solve equation (j2.12p . 

Proposition 2.3. For any compact set Aq of A, there is eo > such that for each e e (0, eo) and (d, t) G Aq, 
a unique 0d t ^ -^'d t 62;jsis such that 

nit (Ki.t + 0^,t - (l^d.t + ^itr'-'{Vd,t + 0^,t))) = 

and 

UXt\\=o{V^). (2.15) 
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The second step is to solve equation (|2.13p . More precisely, for e small enough we will find (d,t) such 
that equation (j2.13p is satisfied. 

Let us introduce the energy functional : R defined as 

JJu)^- [ a(x)\\7u\^dx / a(x)\u\P+^-'dx, 

2 Jo p+l-e 

whose critical points are solutions to problem (|1.6p and let us define the reduced energy functional : A — > M 

by 

Je(d,t) = Je(Vk,t+0d,t)- (2-16) 

First of all, arguing as [?, Proposition 2.2] and using Lemma [A. 51 and Lemma [A. 81 we get 

Proposition 2.4. The function Vd.t + t critical point of the functional if the point (d,t) is a 
critical point of the function Jg . 

Thus, the problem is reduced to search for critical points of J^, whose asymptotic expansion is needed. 
The C" and estimates are carried out in Section 2] and Section [SJ respectively, and they read as follows. 

Proposition 2.5. It holds true that 

Je(d,t) =a(^o)[ci +C2e-C3eloge] +e$(d,t) +o(e), (2.17) 

-uniformly on compact sets of A. Here, the function $ : A — > M zs defined by 



i>(d,t) := d^a{Ca)c4:t + a{^a) 



J \ n-2 fc-l / , \ — ^ -I 

di\ , _ / \ " 1 



C5 TT: + C6 



E 



k 



(Co)c7> logd, (2.18) 



i=l 



where Ci 's are all positive constants. 

Finally, we can prove Theorem II. II bv showing that has a critical point in A. 

Proof of Theorem ] 1.1[ The fact that 9ya(^o) is positive (see assumption (a2)) ensures that the function 
$ defined in (|2.18p has a non-degenerate critical point of min-max type (a minimum in t and d^'s and a 
maximum in Sj's) which is stable under C"'^ -perturbations (see Page 7 in [?]). Therefore, by Proposition [531 
we deduce that if e is small enough the function has a critical point. The claim follows by Proposition 
O □ 

3. Estimate of the error term _Rd,t 
This section is devoted to prove Lemma [521 For sake of brevity, we drop the subscript d,t. 
Using the definition of V in (|2.9p , we decompose first 

R := {i* {\V\P-^-'V) -V) =U^ (i* (\V\P~^-'V - ^(-l)'+iC/f + ^(-l)'+iV loga • VPU^ 

^ ^ 1=1 1=1 ^ 

fc 



(i* {\v\p-^-'v - l^r" V)) +n^[i*[ \v\p-W - ^(-i)*+ip?7f 



1=1 



^(_iy+in^ (** {PUf - Uf)) + Y^i-iy+^TV-^ (^* (V log a ■ VPU,)) =:Ri+R2 + J2^3 + J2^ 



4- 

■i=l 

(3.1) 



Estimate of Ri. Set p := By the boundedness of i* : (J7) Hq{CI), the mean value theorem and 
log = O + H''-") for any 9 > 1 and smaU cr > 0, (3.2) 
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it holds 



\\Ri\f < \\^* ((iV^r^^^' - l^r"^) V) \f < C II {\V\P-^-' - \V\P ~ 1) V\ 



Lp{n) 



CeP / \log\V\f- sup \V\^P-'^'^P < CeP / + |yr+"' 

Jn 96(0,1] "'O ^ 



where a' and a" > arc constants small enough. Hence 

||i?i|| = O {e^-'^) for any small a > 0. 



(3.3) 



Estimate o/i?2- Let /(s) |s|p^^s for s G R and choose p > sufficiently small so that i3(^fc,pe) C fl. 
Following the approach introduced in [?], we divide the domain into k + 1 mutually disjoint subsets, 
namely, 



where Aj's are annuli defined as 

Ai^B (a, V^i-i^i) \ B (Cfc, V^iSi+i) with 6o = Sk+i = 0. 

Then by the mean value theorem, 

\m\p < c 



(3.4) 



- / \Vr'V - ^(-l)'+ipC/f ' + O (e^) 

Lp(n) JAi 



4=1 

By (|4l9| and (|4T3)) we deduce 



tjKP-^)PtjP < 

^;+i - 



'-'i '-'i+i 



(.-l)p^p_^j 


+ 0(e- 






2n.(Ti,-2) 




(" + 2)2 


•^Z+l 


(" + 2)2 


L Sr. (n) 




i(n-2)2 (j^) 



"("-2) 



for ^ = 1,-- - ,fc— 1, and similarly 



for / = 2, • • • , L Therefore we obtain 

||i?.||=o(a-^)+o(.^-^). 

Estimate of R3 . By the mean value theorem again, 

||i?y^ < c \\puf - t/f <c [ (u^p-'^p\pu, - u,\p + \PU, - u,\p+' 



(3.5) 
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Arguing as in the proof of Lemma IA.31 we get 



/ \PU,-U,\P+^ = 0{e^^), (3.6) 
Jn 



and 



■'("+6) 

= O ( e(^^ 1 + O 



< / Uf\PU, - [/,| • ( / \PU^ - t/.r+i j " + O (e^) • O (e^ 



(see [?, Lemma C.2] for the estimate of the term J^^^. p^-^ Uf\PUi — Ui\). Thus 

||i?3|| ^0(a-^) +0(e^-77^). (3.7) 

Estimate of R4 . Lemma lA.lOl yields 

||i?4|l < C|lVP(7,|U,(n) = 0(e) (3.8) 
In conclusion, from p.ip . (j3.3p . p.Sp . p. 71) and p.Sp . we obtain 

= O {e'-'^) + O [ei-^) + O [ei-^) + 0{e) = O (e^'^) . 
This completes the proof of Proposition 12.31 

4. Energy expansion: The C°-estimates 

The main task of this section is to prove that estimates (|2.17p holds in the C°-sense. We recall that the 
function Vd,t is defined in (j2.9p and the function (j)^ ^ is given in Proposition [521 For the sake of brevity, we 
denote V = Vd.t and = 0^ t- We decompose the reduced functional into three parts 



J,(d,t) = (Je(Vk,t + 0d.t)-^e(Ki,t))+ f a{x)\VVd,t\''dx - ^— I aixWdA'^+Hx 

I a{x)\VA.t\^+^dx-—^^ / a{x)\VA.tK^-'dx\ 



and we estimate each of them. The C"-estimate will follow by the three lemmata Lemma [4.11 Lemma [4.21 
and Lemma 14.31 

Lemma 4.1. It holds true that 

UV + ^) - J,{V) ^ o{e). (4.1) 
Proof. Using Taylor's theorem and the fact that J^(y )[(/)] = 0, we get 

J,{V + (t>) - J,{V) = - f tJ'JiV + t0)[0, <j>]dt. 
Jo 

On the other hand, since \\<f>\\ = o(-y/e), 

\.r:iV + t(bm,^]\<c( [ a|V0p + ^ [ aUr'-'cj^'+ [ a\c^f+'A=oie) 
\Jn Jfi Jn J 

for some C > 0. Therefore (14.11) follows. □ 
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It is useful to introduce the following constants: 



ai = a: 



,p+i 



1 



02 = a: 



as = a: 



,p+i 



1 

1 



-dy, 



log- 



+ "(l+|j/|2) 



-^dy. 



(4.2) 
(4.3) 
(4.4) 



Here, a„ = [n{n — 2)] * . 
Lemma 4.2. /loZrfs <rue i/iai 



aix)\\7Vd^t\''dx 



1 



1 1 



2 p+ 1 



p+ 1 

fcoi (a($o) + d^a{^o)te) + a{£_o) 



2 I 2t 



~2 fc-1 



E 



t V rf. y (1 



e + o(e). 
(4.5) 



Proof. Using the definition of the annuli Ai {i ~ 1, - ■ ■ ,k) in p.4p . we write 
\ I «|VV^P = ^E / «|VPC/zP+^(-l)'+^ / aVPUi-VPU, 

= i V / a[/f+^ + / a(7f (PC/i ~Ui)+ [ aU[+' - / (Va • VPUi)PUi 



1=1 L"^' 



(4.6) 



Ai 



aUfU,+ / aUf{PU^-U,)+ / aU[U^ - / {\/a ■ \/PUi)PU, 



n\Ai 



and 



P + Wo 



1 .In 



— E / « V(-i)*+'p;7. +^ / 



p+1 

-u, 



r^E/ «((-i/+^pc/.+E(-ir^^^f^' 

Efr^/ -Ur+f aUriPU,-U0]+J2i-lH f 
i^iIP+^Ja, J a, \ ^„ I J A 



1=1 

-^E / 



o e 



aC/fC/,+ / aUP{PU,~U,) 



+ p / (1-0) / a 



(-l)'+iC/z + [(-!)'+! (PL/z - Ui) + ^(-1)*+1PC/, 



Ai 
p-1 



(4.7) 



(-l)'+i(PC/; - Ui) + ^(-1)*+1PC/, ) da;d6' + o(e). 



First of all, we claim that 



(4.8) 



BOUNDARY TOWERS OF LAYERS FOR SUPERCRITICAL PROBLEMS 

Indeed, suppose I > i. By the fact that —APUi = Uf in il and PUi = on dil, it follows that 
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/ UfU, = - / VPUi ■ VPU, - / Ul'iPU, - Ui) - / UfU, 
Ja, Jn Jn Jn\Ai 



UfUi + / Uf{PUi -Ui)+ UfUl - / Uf{PU, - (70 
Jn Jn\Ai Jn 

By Lemma A.l and A. 2 (see also (|4.18p ) we deduce 

Uf{PUi-Ui), f Uf{PU,-U{)=o{e), 



n\Ai 



(4.9) 



< 



0(6) 



B\ 



(1 + |y - s,Keo)p)^ ly - {6i/6,)siiyi^o)\' 



dy 



(4.10) 



and 



< 



[Sf + |x - 6 - sMCoW)^ (Sf + |x - a - SiSiui^o)\^y 



dx 



B{ 0, 



B\ 



(l + |y-s,Keo)P)- 



Therefore, equation (|4.9p can be rewritten as 

^ UrU,^ I UfUi + oie). 

Moreover, we have the estimates 



(4.11) 



A, 



{a{x)~a{^o))UfU,dx, / {a{x) - a{^^))UfUidx, / aUf{PU,-U,), aUf (PUi - Ui) = o{e) . (4.12) 



By (|4lT|) and (|4?T2|) . wc deduce that 

a(Co) / C/f C/* + / (aix) - a{^Q))UfUdx 



aUfU, 



+ / aU[{PU,-U,) 



= a(Co) / UfU, + o(e) = a(^o) / C/f C/; + o(e) - / aUfUi + o(e) 



which in particular implies 

Next, we claim that the term I -.^ p Jq{1 ^ ^) ' ' ' (14.71) is of order o(e). Indeed, we first remark that 



/ \PUi ^ Ui\P+^ = O {e^) and / C/f+' = O (e^) for z ^ /. 

JAi JAi 



(4.13) 



where the first equality is obtained in the proof of Lemma [A. 31 and the second one is deduced in (6.19) of 
[?]. Moreover, by and (gTll]), we deduce 

U[\PUi-Uil f UfU, ^0{e) iii^l. 
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By these estimates, we get 



KC 



+ C 



< c 



/ Uf-'\PUi ~Ui\'+ f \PUi - Ui\P+' + ^ / Ur'\PUi -Ui\^+Y, f \PUi - Uir'Uf 

JAi JAi JAi JAi 

,_L, J A, ;_L, JAi 

\PUi-Ui\P+') + / \PUi-Ui\P+^ 



U[\PUi-Ui\ 



4 

+ 2 



c 



\PUi-Ui\ 



p+1 



p+1 



p+1 



< c 



n + 4 n 
g,x + 2 4- £,.-2 



c 



£"+2 + e"-2 



p+1 



A, 



P+1 



(4.14) 



for some constant C > 0. 

Finally, by (|432)) . gH) and (|4l4)) . we get 



fc r 



aU[Ui + o{e). (4.15) 



P+^JO III + "''4, JAi i 77l 

Moreover, by dS]), (|4l0| . (|4J2)) . (|4l^ . (|4J5)) and the estimate 

/ (Va • VPUl)PU^ = o(e) for i, / = 1, • • • , fc 
Jo 

which is easily deduced by Lemma |A.9[ we find that 

1 / a|VFp-^ / a\Vr'dx 

2 Jn P + 1 Jo 

= - ^) E / - ^ E / -t^n^c/. - c^o + E(-i)'^'^' / + ^w- 

Now, we estimate each term in the right-hand side of the above equality. Firstly, we write the first term 



(4.16) 



as 



and then we estimate 



A, J A, J A, 



aiCo) I Ul+' = a(?o)ai - a(CoX+^ 

= ai^o)ai - a(^oX+i 
= a(?o)ai + o(e) 



{5f + \x-^k-Sisii.{^oWy 



dx 



dy 



(l + |y-s,KCo)P 
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and 

/ {a{x) - a(^o)) Uf^^dx = dua{(,Q)aite + o(e). 
(cf. [?. Lemma C.l]). This shows that 

aUf^^ ^ a(Co)ai + diya(£,o)aite + o(e). 
Secondly, by Lemma lA.ll and Lemma IA.2I (using the the mean value theorem) we deduce 



(4.17) 



aUliPUi - Ui) = -anSi ' \ aUlHi; ^i) + o(e) 



-<+Mr"'«(^o) 



1 



-Sii ■ { a(Co)a2 ( ^ 



B(o,peS-^) (1 + |y|2)- 

n-2 "1 



(2et)"- 



o 



5i{i + \y\) 



dy + o(e) 



e + o(e) 



where 5ij is the Kronecker delta (cf. [?, Lemma C.2] 
Finally, for I < i, we get 



aU|'U^ 



a{(o) / U[U, + / {a{x) - a{^o)) U[U,dx 



(4.18) 



A, 

-2 



a(?o)ai 



,p+i 



a(eo) 



oV%r \^ O'V^ (1 + ly - ^^^(Co)P)^ m/Siy + \y- {SJ5i)siu{^o)\' 



H+l 



F{si)e + o{e). 



Here 



JR" fl + W 



(i + |?/|2)^ |y + si^(?o)l 



)i-2 



1 



(l + s2)- 



TTT + o(e) 

2 

(4.19) 
(4.20) 



The last equality follows from the fact that U = Uifl solves the equation —AC/ = in M" and so it can be 
rewritten using the Green's representation formula 



C/(x) 



n{n - 2)|B"| 



1 



\y - A 



n-2 



dy, 



which implies F{s) = aP\B"\U {siy{£,o)) . 

By combining (gUT]), (|i?T5|) and (|iTT^ with estimate (|I3|) follows. 



□ 



Lemma 4.3. It holds true that 



p+1 



a\V\P+'- 



p+l-e 



a\V\ 



p+l-e 



, ,fc(n + fc-2) 
-q(Co) 2(p+1) ' »ielog« + «(^o) 



p+1 (p+1)2 



fcai (n-2)^ 



An 



ai 



^ log 



(4.21) 



e + o(e). 
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Proof. By the Taylor expansion we deduce 



1 



a\V\ 



P+i 



1 



p+l-e 



a\V\P+^-' 



1 f 




p+1 


fe 




k 


p+i" 


i=l 


log 


^(-i)'+ipc/. 

1=1 


1=1 




/ a 

p + 1 Ai 







Arguing as in the proof of the previous lemma we get 



4=1 



P+1 



a{io)kai + o(l). 



e + o{e). 
(4.22) 

(4.23) 



Moreover, we have 



^(-l)'+ip[/. 



P+i 



log 



^(-l)'+ip[/. 



1=1 




i=l 

p+1 








/« 


^(-l)'+iC/. 
i=l 


log 


^(-1)^+1^/. 
i=l 


+ 0(1) 


(4.24) 



^ fc(n + fc-2) fcaa {n-2f 

= 2(p+i) • ^ + [vn ~ ^;r- 

By combining and (g^H), follows. 

Let us prove (|4.24p . 

To get the first equality, it is sufficient to show that 



and 



• ai 



^ log d. 



+ 0(1). 





k 


P+1 


fc 






p+1 




in 


4=1 


log 


4=1 




1=1 


log 


^(-1)«+1^. 

4=1 



/ 



Y^i-iy+'u. 



p+1 



los 



^(-l)'+iL/. 



4=1 



o(l). 



-o(l) (4.25) 



(4.26) 



If we write 



V := ;^(-l)'+ipi7„ S := Y,i-^y^'iU^ ~ PU^) and g{s) := log |s| for s ^ 0, 

i=l 4=1 

then we see that 

a-\g{V + E)-g(y)\dx 

<C f f {\V + eE\P+'' + \V + OEIP-" + \V + 0E\P) ■ \E\ dddx (by (al) and (EH)) 
Jn Jo 

<C [ {\V\P+'' + iVf-" + \V\P) ■ \E\dx + [ {\E\P+'' + lElP-'' + \E\P) dx 
Jn Jn 

= o(l) (by the Holder inequality and Lemma [A. 3p 
for some constant C > 0. This proves (j4.25p . 



BOUNDARY TOWERS OF LAYERS FOR SUPERCRITICAL PROBLEMS 
_ fe 



15 



Furthermore, denoting V :~ 1)*+ ?7i, we have 



i=i 



f ag{V) <C f (\V\P+^ + \V\P-^) < Cj^ f i^f^" + 



/n\B(Cfc,p£) 



i=l ^ 



i=l 



'0\B(Cfc,p£) 
0(1), 



which imphes (|4.26p . 

Finally, the second equality can be obtained as in (6.39) in [?]. 

From Lemma HTTl 14.21 and 14.31 we conclude that estimate (|2.17p is true in the C°-sense. 



□ 



5. Energy expansion: The C^-estimates 
In this section, we will deduce that (|2.17p holds C^-uniformly on compact subsets of the admissible set 

A. 

Let us denote again V = Vd_t and = 0^ ^ for the sake of simplicity. We need to prove that for 
d := (rfi, - •• ,dk) e (0,+oo)'= and t := (i,si,- - • ,Sk-i) € (0,+oo) x R*^"!, 



drJe{A,t) = 9^$(d,t)e + o(e) 



(5.1) 



C°-uniformly on compact sets of A where and <!> arc defined in (|2.16p and (|2.18p . respectively, and r is 
one of di, • • • , dk, t, si, • • • , Sk-2 and Sk-i- 

5.1. The case r = di (Z = 1, • • • , fc) or r = s; (l = 1, ■ ■ ■ ,k — 1). We decompose drJe{d,t) into 

drJe{d,t) = J',{V){drV) + [J'^{V + 0) - f,{V)]drV + f^{V + <l>){dr^) 

and estimate each term. 
Lemma 5.1. It is satisfied that 

J',{V){drV)^drHd,t)e + o{e) /or r = di, • • • , d^, si, • • • , (5.2) 
Proof. Set p={n + 2)/{n - 2). We split J^iV)idrV) as 

j'eivmv) 

ayV-V{drV)~ [ alVf^-'VidrV) 
Jn 

V(-l)'+' / aVPU, -VidrV)- [ a\V\P-WidrV) + \[ a\V\P-^VidrV) - [ a\V\P'^-'V{drV) 
■^-^ Jn Jn Un Jn 

a{\V\P-^V -\VY'-^-'V) ■ {drV) 



and estimate each {i = 1, 2, 3). 

Suppose that r ^ di for some I = 1, ■ ■ ■ ,k. Note that in this case 

drV = dd,V = i-iy+^dd,PUi = (-l)'+ie"""-"" • P (V? + si^pr) 
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where P : Z3^'^(K") Hq{^1) is the projection operator given by (|2.6p and ■i/'i' •= V'a, ^, (j ~ 0: ^-re 
functions defined as p.3p and p.4p . By simple manipulation, we get 

2 (ji-iy+'uii"-' i-iy+'ui - \vr'v) ■ (-i)'+ia,,pc/, +o(e). 



On the other hand, by adapting the way to estimate / in the (7°-estimation and using (|A.4p , we can deduce 
that 



n-l + 2(i--l) 

£ "-2 



Thus by the mean value theorem 



[ aUf-\Ui - PUi)dd,Ui + / aUf-^PU, ■ dd.Ui + o(e) 

J Ai ,_L, J A, 

From Lemma lA.ll and IA.21 it follows that 



V I aUf~\Ui - PUi)dd,Ui I aUf-\Ui - PUi)djHiij^i + p / aUf-\Ui - PUi)d~hi6iiPi 



n-2 



0(6). 



Furthermore, for I < i, we obtain by applying Lemma lA. 121 in particular that 
p [ aUr^PU,-dd,Ui 

JAi 

= p [ aUf-^U,dd, Ui + o{e) ^ [ a {dd, U[) U, + o{e) ^ dd, ( f aU[U,) - dd^ ( [ aU[U, 

JAi JAi \JAi J \j A^ 



oie) 



= S^{l+l)a{£,o)aP+h ■ dd^ 



di 



+1 



1 



5i{i+i)a{io)ddi 



di+i 
di 



[{di+i/di)^ -e--^ +\y- {di^i/di)e'^---si+iiy{^o)\ 
F{si)e + o{€) 



o{e) 



where we set dk+i = and the function F is defined in (|4.20p . li I > i, through the procedure changing the 
order of i and / that was conducted in computing (|4.7p (see (|4.9p and the following computations), we can 
see 

n-2 

di 



p / aUf ^PU^ ■ ddiUi = a(5o)<5i(i-i)9d, 
J A, 



di-i 



F{si.i)e + o{e), 



letting F{sq) — 0. As a result, it holds that 

+ dd, 



Ti = a(fo) 



J 12 Q I di 



2t 



di 



+1 



F{si) + dd, 



F{si^ 



Employing Lemma IA.9[ we can easily show that 

Tl = o(e). 



e + o(e). (5.3) 
(5.4) 



BOUNDARY TOWERS OF LAYERS FOR SUPERCRITICAL PROBLEMS 

SO it suffices to compute . Clearly 
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Also, utilizing 



-dy = 



-1 + 2(1-1) 



(l + |y|2)„+i « + 



-dy = 0, 



(5.5) 



Lemma lA. 121 and performing a similar computation to the derivation of (I4.24p . we find 
a\V\P-Wlog\V\ ■ 



,=1 -^^^ 





p-i 






k 










log 







n-l + 2(i-l) 



^E/ «t/j'l0gt/,-(-l)'+-'"e^"'^^V?+0(6) 

^ a{^o)edi^5i j (ds, Uf+^) log Ui + o{e) 



1 



]5+ 1 

1 n- 2 



m—l- 



-o{e) 



P+1 2 
(n - 2)2 



U[+'\ogUi + oie) 



4n 



0(^0)*^/ ^aie + o(e) 



and 



Thus 



e / a\Vr'Vlog\V\-i^iy+'e^^^^^^r ^a{^o)e I C/f log [/, • J,^;" + o(e) = o(e) 



(5.6) 



Combining (|5.3p . (|5.4p and (|5.6p . we see that 

j;(i-)(9.F) 



= a(eo) 



02 / di 



n-2 



/ / {l + sf 



1-2 I '^Qi 



(n - 2f 
An 



a(Co)ai (9d, log di)e + o(e) 



and hence (15.21) is valid if r = d/ 



The case r — si for some / = 1, • • • , fc — 1 can be dealt with in a similar way to the case r = di. Hence 
the proof follows. □ 

Lemma 5.2. For any r ~ di, ■ ■ ■ ,dk,si,--- ,Sk~i, the following holds: 

[J'^iV + ^) - J'^{V)]drV ^ o{e). 
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Proof. Wc consider only when r ~ di here. The case r ~ s; is similar. Expand 
[J'^V + ^) ^ J',{V)]d,,V 



[ a\/<j)-\/dd,V-ap\V\P~^(l)dd,V 
Jn 

a{\V + <j>\P-'-'{V + 4>)- \VY>-^-'V -{p- e)\V\P-^-'(j)} 9^, V 



a{p\Vr' -ip-e)\Vr'-^}(j,dd.V 
= : h +I2+I3 



and study each summands. 
Let us estimate Ii. We have 

k 



By (113]) and (1^ . 

aV0 • V id.Pi^l] ~p [ a\V\P~^<j) (s.P^Pi) 

Jn ^ ' Jn 

for i = 0, n, so it suffices to estimate three terms in the right-hand side of the above equality. Notice that 
by and we have 

/ k \ 



n\Ai 



p-i 



\i=i 



L2{n\Ai) 



o{Ve) ■ 0(1) • 0{V~e) - o{e) 



and 



u- 



p-1 



1^1 



p-1 



+c^!i'^ii-llt/r'i 



X • o(Vi) • 0(1) • o 



gn-2 



\PUi - U.i\\^j,+i^^^,~i + E \\Ui\\lp+^{a,) 
+ o(^^)•0(l)•0(^^) = o(e) 



for some C > (see [?, Lemma A.l]), where x is a function such that % = if n > 6 and x = 1 if < 5. 
Furthermore, Lemma I A . 5 1 implies 



\<j>\\vr'sAPi;i-^i\<\m-\\vp-'\\ 



Finally, by applying Young's inequality (see Subsection lA.Sp and (j2.15p . we observe that 



Va • V 5,Pt 



^ ^Ois] M-o(Vi) = o(e) (5.7) 



where cr > is a sufficiently small parameter. Therefore Ii = o(e). 



BOUNDARY TOWERS OF LAYERS FOR SUPERCRITICAL PROBLEMS 

Likewise, we can check that /2, I3 = o(e) holds. (Refer to page 29-31 in [?].) 
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Lemma 5.3. We have 

J'^{V + 4)){dr(l)) = o(e) for r = di, • • • ,dk,Si, - ■■ ,Sfc_i. 

Proof. We can argue as in the derivation of (7.6) in [?]. Since we need a by-product that is derived during 
the proof of the lemma in the next subsection, we briefly sketch the proof. 

Equation (|2.12p reads as 

k 

S{V + (I)) :=-div(aV(F + </.))-a|y + 0r-^-'(V^+0) = -^[c,o-div(aVPV'°) + Cz„-div(aVPV',")] • (5.8) 

i=l 

Testing (j5.8p with the function drcj) and using the fact (p e where is defined in (j2.11[) . we get 

j;(F + cj)){dr^) = V [ aVPi^'l ■ V(a,0) = - V c,j I aV{drP^T) ■ V0. (5.9) 

On the other hand, testing (|5.8p with the function P'i/'J"' for any fixed m = I,-- - , fc and Z = 0, n and 
applying Lemma IA.7I and IA.9[ we can check that 

= o{5,yfe). (5.10) 



Since Lemma IA.8I and (|2.15p imply that 



n 



for some C > 0, we get the result. □ 
To sum up, we deduce (|5.ip from Lemma [??Tll5.2l and l5.3l if r = (Z = 1, • • • , fc) or r = (Z = 1, • • • , k—1). 

5.2. The case r = t. When r = t, we have 

k k 



= dtv = j2i-^y^'dtPu, = ^(-i)^+ie • pvr 



i=l 



Thus, unlike the previous case r = di or si where drUi = O ((5^ -|- '0")) = OiUi) holds, dtUi = 0{Ui) 
is not true anymore. In fact, it turns out that this difference makes it hard to obtain (|5.ip in a direct way 
in this case. Fortunately, we can borrow the idea from [?] to overcome this problem, where the authors 

k k 

replaced the term, in our setting, dtV{x) = e with e ^ {—iy^^dx„V{x) {x e 17) in the 

4=1 ' " i=l 

expansion of the reduced energy functional dtJe and used a Pohozaev-type identity to estimate it. Such an 
approach was also applied in [?] successfully. 

Lemma 5.4. We have 

J',{V + c^){dtV + dt<i>) = dMd, t)e + o(e). 
Proof. As the first step, let us compute J'^{V + 4)){dtV). By utilizing (jA.3|) and (jA.5|) . we get 

^Nl / aC/rV^'ll^^r-V'rl, e|c,,| / aUr'\i^l\\d,,APUi-Ui)\=o(ei). 
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Also, the application of (|5.10p . the proof of Lemma [A. 61 and Young's inequality (see Subsection lA.Sp gives 



Li(0) 



Hence 

jUv + ^){dtV) 



= peY,c., j^aUr'^l (^^(-l)'+i%,)„PC/,j -eY,c,,jva-VP^l (^^(-l)'+i%)„PL/,' 

= peV(-l)'+ic,, / aUr^^l^l[{Pi^T-i'T)+d,,APUi-Ui)-d.,PUi] 
Jn 



^,J U=l 



= - / 5(y + 0)(9,„F)e + o(e). 
Jn 

To estimate J'i:{V + (j)){dt(j)), we observe that (|5.9p implies 

j;(y + 0)(at</)) = Vc, / a(AatPV'O0 + 'Ec,, / va-v(a*p^^>. 

Since it holds that 

Jn Jn Jn Jn 

Jn Jn Jn ^ ' 

and equation (|5.10p . (|2.15p and Lemma [A . 1 01 assert that 



< |c,,| • ||Va|U^(o) • pdtPi^lW^^^^^^^ ■ UW = o(e), (5.11) 



Jn 

(in fact, this is the only part we use the assumption n > 4 substantially; see Remark lA. lip , we deduce 
On the other hand, by multiplying (|5.8p by dxn4> ^nd integrating the result over f2, we get 

j^^s{v+m.A)^pY^''^, j^^ur'i'i{d.A)+o{^\c,^ ■ \\Pi,i\\ ■ ii^iij . 

Thus using (|5.10p . (|2.15p and Lemma \K1\ we conclude that 

J'^{V + cb){dtcf>) = - f S{V + 0)(a,»e + o(e). 



n 
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Accordingly, if we set u = V + cf), 

Jl{u){dtu) = -S{u){d^^u)e + o{e) ^( ( div(aVu)5^„w + ( a\u\P-^-''ud^^^v\ t + o{e) 

\Ja Jn ) 

=: {Ki+K2)e + o{e). 

Let us estimate the term K2: From (j2.15p . the proof of Lemma [4.21 and (a3) (which imphes dx„a{£,o) 
dua{£,o)), we find 

K^ = —^ / «(9.J«ri-^) = -— ^ / {d..^a)\V + ^r'-^ 

p+l-eJn P+^-<^ Jn 

^ ^ (5x„a) \V\^+^-'- + 0(1) = ^— I (a,„a) l^r+i + o(l) 



kaidx„a{£,Q) + o(l) = — fcai5i.a(^o) + o(l) 



where ai is the quantity defined in (j4.2p 
Next, we consider Xi: Write 



A'l = / (Va • VM)(c);j;„it) + / aAu(a^„it) = i / (9:r„a)|Vup - i / a\Vu\'^VndS Kn + K 
Jn Jn 2 Jjj 2 Jgjj 



12 



where i/„ is the n-th component of the inward unit normal vector to dil and dS is the surface measure on 
dfl (see the proof of Step 1 on page 5 in [?]). We compute each term. Firstly, as for if 2, we have 

Kii = i / (a,„a)|VFp + 0(1) = haidM^o) + o{l). 
^ Jn ^ 

On the other hand. (2.10) of [?] gives 

cn-2 



/ \VPU^\^dS^O 
Jon 



and by mimicking the proof of [?, Lemma 7.2] or (2.12) in [?], one can prove that 

/ \V(j)\'^dS = 0(1). 
Jon 

Thus 

Ki2^-l [ a\yV\^iyndS + o{l) = [ a\\7 PUil^iy^dS + 0(1) 
^ J an ^ Jan 

= - I aUfidx„PUi) + I / (Va • VPUi)dx^PUi - ^ / {dx„a)\VPUiA + o(l) 
Jn Un ^ Jn J 

^-p [ aUr^i^iPUi + { [ {Va-VPUi)d,.^PUi+ f {dx^a)UfPUi ^ ^ f (9,„a)|VP!7i ^ + o(l) 
Jn Un Jn ^ Jn J 

(see the proof of Step 2 on page 5 in [?]). However, we have 

pj^aUr'riPUi = (^^) aM^o) - la{C,)a2dt (^|) + o(l) (5.12) 

and 

{dx^a)\S/PUi\^, I {dx^a)UfPUi, n [ (Va • VPC/i)9^„F?7i = ai(9i.a(^o) + o(l) (5.13) 



whose detailed proofs are given below. As a result, we obtain 



1 / rl \ 

ifi2= 2«(Co)a2aJ^j +0(1) 



where 02 is given in (|4.3p . 
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Proof of dEHl). We write 

p f aC/f- Vr^t/i = P / aC/W+P / aUf~^i;[\PUi-Ui) (5.14) 
Jfi Jfi Jn 

and we estimate the first term in the right-hand side of (|5.14p . By applying (|5.5p . (a3) (in particular, 

(Va(^fc))2/) = d^ai^k) ■ Un) and Taylor's theorem, 



p I aUf^j^ = p 
In 



(n + 2X+i 



af/f V-i* + o(l) 



^1 



■a(a) 



dy 



B(0,< 



'(1) 



dM^k) ■ {n + 2)a] 



P+i 



n+1 



+ o(l) = 



n + 2 
2n 



9,.a(^o)ai + o(l). 



To estimate the second term in the right-hand side of (j5.14[) . we need 



(<5.y + 6:-e)n 



= o 



1 



for \y\ < 5T-^pe (5.15) 



where VH{x,0 ^ (V,if(x, 0, Veif(x, 0) = (a,.ii?(a;, C), • • • , a,,„77(x, 0, %ii/(x, 0, • • • , (a^, 0) 

and = 1, • • • , fc. Now, by Lemma rA.2[ lA.ll and lA.131 (|5.15p and the mean value theorem. 



a(%,)„C/f) (PC/i-C/i) 

aC/f •a,,^^— %,)Ji7(.,a)) + a, 



S(«i,pe) 



a(%^)„C/f) •a„5i^ i/(.,a)+o(l) 
aC/f •a„(5f^i7(.,a) 

n-2 



S(a:,pe) 



-a: 



B(o,5-Ve) (1 + lyp) 2 



a('5iy + Ci),^ , ,^,„+2 
{d,,nH){5iy + ^i,^i) dy + oil) 



■H{6iy + ^u^i) dy] + o(l) 



B(o,^rV.) ^1 + |2/P)^ |2eMeo)+<5i(y + 2siKeo))|" 



d?/ + o(l) 



Hence (|5.12p is proved. 

Derivation of (j5.13p . By the argument in Section 21 we immediately get 

(9,„a)|VPC/i|2, / {d,^a)UfPUi = aia.a(eo) + o(l). 



□ 



On the other hand, by Lemma [A. 4[ 

n [ {\/a-\/PUi)d^^PUi = n [ (Va • VC/i)a^„t/i + o(l) 
Since (a3) implies dx„a{^o) = 9i,a{^o) and 
n /(5,,a).(5,,[/i).(9,„[/i) = <5„.5,„a(eo)-«^(n-2)2 '^1' 



(1 + 12/1 



2Vn 



+ o(l) = (5i„ • d^a{^o)ai + o(l) 
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for i = 1, • • • , n, ([ET^ follows. □ 
In conclusion, 

/i 1 \ 1 ^d \ ^^"^ 

J'^{u){dtu) = f 2 " pTTj ^^^^''"(^o) • e + 2«(^o)«2 ■ dt f ^ j e + o(e) 
as desired. □ 
Consequently, (|5.ip for s = t is valid and the proof of Proposition 12.51 is finished. 

Appendix A. 

In this appendix, we study functions PUg^^ and Pi^g ^ {j = 0,n) defined through (|2.ip . I\2.3\i . p.4p and 
(EH). 

A.l. Comparison between Us^^ and PUs,(^- Denote by G{x, y) the Green function associated to —A with 
Dirichlet boundary condition and H(x,y) its regular part: Namely, 

-AxG{x,y) = Sy{x) for x G fl, 
G{x,y) =0 for X e dVl, 

and 

G(-,2/)=7.(^3^-i?(a.,y)) where ^„ = ^—J^^. 

Since f2 is smooth, we can choose small do > such that, for every a; G 17 with 917) < rfo- there is a 
unique point G 912 satisfying (i(a;, 912) ja; — Xj^j. For such x € 12, we define x* = 2x^ — x the reflection 
point of x with respect to 912. 

The following two lemmas are proved in [?, Appendix A] under the assumption that 12 is of class . 
Lemma A.l. There exist a constant C > such that 

C 



*|n-2 



\x-^ 



*\n-2 ' 



* \n-2 



< 



\X~^ 



* \n-2 



and 

C ,„ C 



0<H{x,O<, T— ^, \ViH{x,0\< 



for any a; G 12 and ^ G {y G 12 : d{y, 912) < do}. In particular, we obtain 

Hi^,0< |^_^|n-2 "'^^ |V^g(x,OI < /oranj/x,CGl7 
6?/ taking C > larger if necessary. 

Lemma A. 2. //^ G {y G 12 : c?(?/, 912) < do}, </ien t/iere exists a constant C > smc/i that 

Cf ' 

Moreover, it holds true that 



< Us.,^{x) ^ PUs.^ix) < anS^H{x,0 < ^ for all x e n. (A.l) 



i+2 
(3 2 



PC/i^5(x) = [/i,5(x) - a„<S^i?(a;,0 +0 (^^^^-^j , .t G 17. 

From the previous lemmas, we can show that 
Lemma A. 3. Denote PUt ^ PUs^.^^. Then 

\\U,-PU,\\L^n)^o{l) ^/gef^^,^^) if n> 4 or qe [-^,+oo] tfn^S. 
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Proof. By (|A.1|) and (^77)) . we have 



(n-2)g /-ClJi ^ n-1 (^-2)9 (n-1), , „s 

- * J^g-l s(»-2)9 - ' 

= o(.'-^)=o(l) 

for some C > 0. □ 

In additfon, wo can estimate the i/^(f2)-norm of Ui — PUi as follows. 
Lemma A. 4. It holds true that 

\\U,^PU,\\H^n)^0{^e). 
Proof. From the definitfon (|2.ip of Ui and the fact aj^"^ ~ n{n — 2), we get 

2 / / lv7nrr|2 n / wnrr V7rr\ , / Iv7rr|2 



f |VP[/,|2-2 / vpu,-vuA+ f \vu,\ 

Jn Jn J Jn 

1 + 2 r + 2 \ 

^-2 TJTT O / dtt \ , _ 2 o^2c■n — 2 



N - 



.p+i / - ^ n/'.^ \ ^( _ 9^2 / \y[ 



0{e). 



□ 



A. 2. Estimates of t/j^'s. First, we want to establish a result similar to the ones proved in Lemma rA.2l and 
Lemma IA.3I 

Lemma A. 5. For any i = 1, ■ ■ ■ ,k, we have 

P4,^^^p0^a„(^^y^H{;^,) + o(^^^ inn (A.2) 

and 

PC = C-«n'5f^(%n^)(-,6) + o(^^^ mn (A.3) 

where ^) is the n-th component of\7^H{x,(^). Moreover, 

\HP^Pi~i^i)\\^^^^^^0{e^^) (A.4) 

for j ~ 0, n. 

Proof. From the comparison principle, we easily deduce (jA.2p and (jA.3|) . Arguing exactly as in Lemma lA.31 
and taking into account Lemma I A. 1[ we can prove ()A.4p . □ 

The above lemma enables to estimate the difference between dx„PUi and dx„Ui for i — 1, • • • , fc. Let 
p= (n + 2)/(n-2). 

Lemma A. 6. For i = 1, • • • ,k, 

dx„PU,{x) = dx^U,{x) + an5~^ {d^,nH){x,ii) + O [ ^ ) . (A.5) 



BOUNDARY TOWERS OF LAYERS FOR SUPERCRITICAL PROBLEMS 



25 



Proof. Let w = dx^PUi + Pip" so that it solves Aw = in O and w = dx„PUi on dfl. Then by the maximum 
principle, ||w||Loo(n) < l|f^x„-PC/i||L°°(asi)- Recalling H{x,y) = H{y,x) and applying Lemma [A. 11 we observe 
that there is a constant C > such that 



\dx„PU,{x)\< / |9,„G(z,y)|.C/f(y)dy = 7„(n-2) 
Jn 



F - y\ 



Uf{y)dy 



Now we choose p > sufficiently smaU so that B{x, pe) n B{£_i,pe) = for any x e dil. Then for a; € dil, 



1 s , „l 5,^ \ f 1 . „ / 5, " 



-Uf(y)dy < C / ^ ■ — -dy = , , 

nnS(2;,pe) F — y| \ / •'B(x,pe) F" 2/1 V / 

and 

Jj2\-B(a;,pe) F ~ 2/1 /JR"(l + |zp) 2 \ / 

Therefore we deduce 

\\^.^PU^\\L-(n) = O 1^^^ . 

Consequently, by (|A.3() . we obtain 

dx,PU,{x) = -PC(^) + O (^^^ = 5,„C/,(x) + a„5,'^(a5,„i?)(x,eo + o (^^^ ■ 

Hence (|A.5p holds. □ 



The next lemma is crucial for the proof of Proposition 12.11 
Lemma A. 7. For i, I ~ I, ■ ■ ■ ,k, i < I and j, to = 0, n, it holds that 



1 



otherwise, 



where Cq a^irf c„ are positive constants. 
Proof. By (^3]) we get 

^ ' Jfi Jn Jn 

We will estimate Mi, M2 and M3 respectively. 

To estimate Mi, note that Si-^ ^ j^ij ^ ^o| for any ii, i2 — I, ■ ■ ■ ,k. Then arguing as in the proof of [?, 
Lemma A. 5], we get 



Ml 



"(fo)^ + o ^j2^ if i = Z and j = m. 



otherwise, 



with positive constants cq and c„. 

Let us estimate M2 when j = m = n. By (|A.3|) . assumption (al) and Lemma I A. 1[ we deduce that 
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where p > is chosen sufficiently smaU, since by (|2.7p . assumption (al), Lemma [A. II and (jA.3[) we get 

1 



ac/rvr(a«,„i?)(-,c/) 



< cs; 



-da; 



|y| 



1 



where ^* is the reflection of with respect to dft defined in the previous subsection and C > is some 
constant. The cases when either j or m is can be carried out in a similar way using (|A.2|) . 

Finally, M3 is estimated using Lemma [A. 91 which yields to M3 = o {^/Sf) . 

This concludes the proof. 



□ 



Finally, we need 
Lemma A. 8. For i = 1, • • • , fc, and j = 0, n, there hold 



\drP^i\ 



ifr^di{l^l,---,k), si (/==!,■ 

O (S^^) if r = di or Si, 



1), 



and 



\\d,P^i\\ = O {e6-') . 
Proof. For r = di,-- ■ , dk, t,Si,-- ■ , Sk-i, 

-A(a^PV-) = p{drUf~^)il}l + pUf~\drijj) in 17, a^P^^ = on 

Therefore 



\drP^i\\ <C\ \\{drUr^)t 



for some C > 0. Now estimate the right-hand side. 



□ 



A. 3. Application of Young's inequality. In this subsection, we gather estimations which can be obtained 
by Young's inequality. We again denote p = (n + 2)/(n — 2). 



Lemma A. 9. Assume that i,l ~ 1, ■ ■ ■ ,k and j, m = 0, n. Then we have 

[ \VPU,\PUi^o{e) 

and 

\wpu,\Pi,r 



(A.6) 



o I 4- 



\s7p^i\pi^r = o[- 



Proof. The proof is essentially given in the proof of [?, Lemma A. 2]. For the sake of reader's convenience, 
we reprove (|A.6[) . Observe that Lemma lA.ll tells us that 

1 



\ypu,{x) 



VM^,y)Uf{y)dy 



< C 



In \x-y\ 

for some constant C > 0. Hence, by Young's inequality [?, Theorem 4.2], 

1 



—U!{y)dy 



\VPU^{x)\PUj{x)dx <C Uj{x)- 

Jn Jn F ~ 2/ 

for any q,r, s > 1 satisfy 1/q + l/r + l/s — 2, where f{x 
Fixing (T > small enough, we choose 



— Uf{y)dydx < C\\Uj\\L-,{n)\\f\\L-(B{o.M))\\Uf\\^,^^^ 
\x\^~" and M is the diameter of il. 
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Since 

\\U,h.m=o(^5f-^^ for9>^, \\U!\\L^in) = 0{sf-'^) for . > 1 
and \\f\\L''{B{o,Ai)) = 0{1) for r E [l,n/{n — 1)), it then follows that 

l|t/,|U,(n)||/IU.,B(o.M))||C/f |L.(,,) = O ^f^^"-''^ = O = O (.^-(i-C-iH) = o{e), 

which gives (jA.6|) . □ 



Lemma A. 10. For i = 1, - ■ ■ ,k and j = 0, n, 



\\VPUA\ jir. =o(e) and VatPV^ ^ = O e^-'^ArM ij n> A. 

Proof. We take into account only \\V PUi\ \ ^j2n^ ^^^y The other thing can be checked similarly. 
Denote p = and as the proof of the previous lemma, we compute 

||VP;7.|li, < / \VPU,{x)\Pdx<C [ I |VPC/,(x)ri| L_c/P(y)dyda; 

<c|||vpt/.ri^^^^^ii/ik.(B(o,M))||f/fiL.(,,) 

where f{x) = and M is the diameter of f2 again. Hence, if n > 4 the choice 

n 2n 
r = and s = -, — > 1 

(n-l)(l + tT) n + 4-2(n-l)cr 

for any sufficiently small a > gives 

l|VPC/dU.(o) < C\\Uf\\^^^^^ = O (^.r*-^)'^) = 0(e). 



□ 



Remark A. 11. We point out that the assumption ??, > 4 is used in a crucial way in the proof of estimate 
(|5.1ip . All the results necessary to the proof of the main theorem remain true for n ~ 3 except Lemma 
15.41 In particular, the proofs of Proposition 12.31 and Lemma TS. 21 can be slightly modified when for n = 3. 

Indeed, in the proof of Lemma rA.lOi we choose r — 6/5 and s = 1 to get || VPC/i||^6/5(n) = O (^i^ = 0{e). 
This implies II-R4II = 0(e) in the proof of Proposition 12. 3[ which is sufficient to conclude the validity of the 
proposition. Moreover, 

^Va-V (<5,PV4) < C^Ur'^'iWL^^n) ' Uh<^m = O (sf) ■ o{^e) ^ o(e), 
so (15.71) holds to be true and the conclusion of Lemma [5^ is true. 



However, when n = 3 the argument of Lemma lA. 101 onlv guarantees ||V9tP'0i 11 6,^=0 [S- ^ ) which 
does not allow to get the estimate (|5.1ip . since 

• pdtPi^lW^.^^^ ■ M =o{5r-^') + for z > 2. 

A. 4. Differentiation under the integral sign. Here we recall some useful operations from elementary 
calculus. (See [?, Appendix C].) 

Lemma A. 12. Let f : M" — > M 6e continuous and integrable. Then 

d 
dr 



f{x)dx^ / fdS 

B{xo,r) JdB{xa,r) 



for any xo G M" and r > 0. 
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Lemma A. 13. Suppose {U{t)}ti=M. is a family of smooth bounded domains in R" which depends on t 
smoothly. Denote v as the velocity of the moving boundary dU (t) and v as the inner unit normal vec- 
tor to dU{t). /// : M" ^ K is smooth, then 
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